Abstract: Liquid crystal modal lenses are switchable lenses with a continuous phase variation across the lens. A critical issue for such lenses is the minimization of phase aberrations. In this paper we present results of a simulation of control signals that have a range of harmonics. Experimental results using optimal sinusoidal and rectangular voltages are presented. A lack of uniqueness in the specification of the control voltage parameters is explained. The influence of a variable duty cycle of the control voltage on an adaptive lens is investigated. Finally we present experimental results showing a liquid crystal lens varying its focal length.
Introduction
A large birefringence and a low control voltage distinguish nematic liquid crystals (LCs) from other electro-optical materials. They can be conveniently used as programmable phase modulators for a number of applications. There has been much research on the use of LCs as switchable lenses, where the aim is to produce a LC with an electrically controllable focal length. Most past work has involved the localized addressing of LCs, i.e. the LC cell is divided into separate areas (usually pixels, or zones in the case of a Fresnel lens) [1] [2] [3] , each of which is controlled by its own separate control voltage. Adaptive lenses with non-uniform LC boundary layers are considered in the review [4] . Microlenses have been produced by a non-uniform electric field caused by hole-patterned electrode structures [5] .
LCs respond to the rms value of an applied AC field. This fact has allowed us to develop a new type of electrical addressing, called modal addressing, which allows a continuous variation of the phase profile across a device. We have produced both modal LC wavefront correctors [6, 7] and modal LC lenses (MLCLs) [8, 9] .
MLCLs are simple to make and can produce a smooth change in focal length by controlling the amplitude and frequency of the control voltages. However, these values need to be carefully selected in order to minimize phase aberrations, caused by both the non-ideal distribution of the electrical field across the lens aperture, and the nonlinear electro-optical response of the LC versus the applied field.
In this paper we show how the electrical control parameters can be optimized in order to minimize the lens aberrations, and we present experimental results.
Operation principle and numerical optimization of control voltage parameters
The construction of a MLCL is characterized by a high resistance transparent electrode and a low resistance control contact. The contact configuration determinates the type of lens. For spherical lenses we use an annular contact and for a cylindrical lens we use two linear parallel contacts. Although the experimental configuration of MLCLs is similar to other modally addressed LCs [10, 11] , the principle of operation is different. MLCLs utilize the reactive parameters of the cell, i.e. their electrical response to an AC field. spherical MLCL schematically. The control voltage is applied to a low resistance annular electrode around the active area of the lens. The voltage across the lens decreases radially towards the center of the lens, because of the potential divider that is formed by the high resistance control electrode and the capacitance of the LC layer, i.e. its impedance increases radially towards the lens center. This means that the voltage decreases radially towards the center. Conversely, the optical path length of the LC layer increases from the periphery to the aperture center. Note that the incident light must be linearly polarized along the LC's extraordinary axis. To operate with unpolarized light it is necessary to use two identical lenses with mutually orthogonal orientations or to apply the technique described in ref. [12] . The MLCL focal length can be evaluated using Fresnel's approximation [13] as
where ∆Φ c and ∆Φ e are the retardances, measured at the center and edges respectively, l is the MLCL radius, and λ is the wavelength of incident light. The distribution of the rms voltage across the lens is described by Bessel functions [14] , and the voltage-retardance dependency ∆Φ(U) is approximately an inversion logarithmic function. In general, if a voltage of arbitrary magnitude and phase is applied to the cell, then the resulting phase distribution will be far from parabolic, and the lens aberrations will be significant. However, for a certain relationship between the frequency of the applied voltage and the distributed impedance, the retardance distribution is close to a paraboloid. The control voltage frequency defines the magnitude of the voltage across the LC, which in turn shapes the electrooptic response. The calculation of the optimal control parameters is computationally intensive because it requires the solution of a second-order partial differential equation, which describes the voltage distribution modulus over the aperture, and contains parametric coefficients connected with the alignment of LC molecules through the integral (see eqs.
(1-4) in Ref. [9] ). In its turn, the molecular alignment by the electrical field is described by Ericksen-Leslie's equation [15] , which is itself a second-order partial differential equation. The numerical solution of this problem is described in Ref. [16] . Figure 2 shows the typical dependencies of the sinusoidal control voltage parameters for a spherical adaptive lens. We used the parameters shown in table 1 for the computation. From Fig. 2b it can be seen that the value of the rms phase deviation from a parabola increases abruptly for short focal lengths. This increase is explained by noting that in this case the full dynamic range of the LC is being utilized, which is essentially nonlinear. The phase aberrations can be decreased by the introduction of m additional harmonics into the control signal. In this case each harmonic will contribute to the phase distribution across the aperture and by optimizing the strength of each harmonic the total rms phase deviation can be minimized. harmonic control voltages are better than single harmonic voltages, they are not used in practice for simple adaptive lenses, for a number of reasons. Firstly, it is very difficult to control the lens parameters, such as thickness and electrode resistance, accurately enough. Secondly, the calculation of the control voltage parameters requires significant computing time (for example, the results for only one focal length with 10 harmonics required 10 hours using a Pentium 450 MHz processor). Finally, the improvement is significant only for short focal length lenses. For example, for a focal length of 2 m the optimal 10-harmonic control voltage produces a wavefront with a rms deviation of 0.223 rad, compared with the singleharmonic one of 0.265 rad.
Lens calibration
The goal when calibrating the lens is to search for the optimal frequency-voltage pairs for the desired focal length that produce the lens with the minimum rms deviation from a parabola. The MLCL was initially calibrated by placing it between crossed polarizers with its optical axis at 45 o to the polarizers' axes, in a collimated He-Ne laser beam (λ = 0.633 µm), in order to visualize the phase distribution across the lens. The resulting intensity distribution was imaged by an objective lens onto a CCD camera and subsequently processed by a PC. The recovered wavefront was compared with an ideal one, which corresponded to the desired focal length. Using the same descent technique as before we searched for the voltagefrequency values, which produced a phase profile close to parabolic. The experimental apparatus shown in Fig. 4a allowed the calibration of focal lengths from 0.5 m to 1 m. To improve the sensitivity for longer focal lengths (1-4 m) we used a double pass optical set-up, which is shown in Fig. 4b . Because the interference pattern is rotationally symmetrical the wavefront reconstruction was performed using a cross-section. The section center was determined by statistical moments 
The Gaussian parameter ρ was adjusted to preserve the signal intensity modulation and reduce coherent noise influence. The local intensity minimum positions were determined by a thresholding method and during this procedure the order number of each minimum with respect to the center was recorded. The position and the order of the minima starting from the center determine the phase distribution across the aperture as ∆Φ k = -2πk/z, where z is a number of passes of the laser beam through the LC layer and k is the fringe order. A continuous phase distribution was built up by spline interpolation. The phase distribution in the center was approximated by a parabola constructed through the 4 minima nearest to the center points. This phase distribution was compared with the ideal parabolic phase profile and rms deviation was calculated. Next we consider the use of bipolar rectangular control voltages. Such voltages can be produced more easily than sinusoidal ones, so we analyzed their use and calibrated their influence on the lens. The calibration results are shown in Fig. 5 . It can be seen that the shape of the control voltage becomes less important at longer focal length, and for focal lengths more then 1 m the control voltage shape virtually does not affect the rms. Thus we will use bipolar rectangular control voltages in the next experiment. Figure 6 below shows experimental results of four lenses with similar geometric and electrical parameters calibrated using a square wave. It can be seen that the required voltages and phases are not unique for a given focal length. This is caused by the lack of interferometric fringes for the longer focal lengths and the inaccuracy in their position measurement.
For focal distances greater than 3 m for samples 3 and 4 the optimal voltage and frequency values varied irregularly. Lack of uniqueness in the definition of the control voltage parameters is connected with the possibility of obtaining the same phase distribution for different control voltages, due to the nonlinear dependence of ∆Φ on U. For example, to obtain the desired phase profile with depth ∆Φ 0 << ∆Φ max (see Fig. 7 ) it is possible to use more than one pair of optimal parameters: voltage -frequency. The voltage applied to the periphery of high-resistance control electrode voltage of U 1 with the frequency f 1 produces the voltage of U 2 at the lens aperture center. The variation of voltages from U 1 to U 2 gives the phase variation equal to ∆Φ 0 in the experimental error limit. The same result can be obtained for the voltage of U 3 with the frequency f 2 , applied to the angular contact. In this case the distribution of voltages from U 3 at the edge decreases to U 4 at the center and gives the same phase variation in the measure error limit.
The experimental results of calibration represented in Fig. 8 show that for longer values of the focal length, the region of admissible values of frequencies and voltages assuring a low rms is greater. All results in Fig. 8 are plotted using the same scale window 8 kHz × 6 V. Thus, the lens can be controlled at long focal lengths with a fixed voltage and by varying only the frequency. In this case the maximal possible voltage is preferable. First, a higher voltage produces faster switching times, and secondly, at high voltages the dispersion is reduced. Finally, if the lens has defects in the LC alignment then they are not observed as clearly at higher voltages.
Lens control by variation of control voltage duty cycle.
By using a bipolar rectangular voltage for the lens control there is an additional parameter, which can be easy varied. This is the duty cycle
, where τ is the time during which the voltage is positive, and Τ is the time period. The variation of q leads to a variation of the control voltage spectrum. Figure 9 shows interferograms obtained with the single-pass experimental set-up using different duty cycles of a control voltage with 9 V amplitude and 4 kHz frequency. The values of q are indicated in the upper left corner on inserts. Because the voltage is bipolar the signal spectrum was varied using q from 0.5 to 1, since values from We did not optimize the q parameter in order to obtain minimal values of the rms phase deviation. The dependence of q on F will be essentially nonlinear. Additionally, the variation of q does not produce the focal length variation over the full range. However the duty cycle control method can be used to minimize lens aberrations further, in a lens that has been calibrated by the usual method for voltages and frequencies at q = 0.5.
Technical parameters
We have manufactured several LC lenses by using two different methods. The experimental results represented in Figs. 5 and 9 and in the movie, Fig. 10 , were obtained by using a MLCL with initial plane alignment. The alignment layers were produced using polyvinyl alcohol (PVA). The surface resistance of the high resistance transparent electrode was 9 MΩ/sq. The other parameters were the same for both kinds of lenses. The ITO low resistance electrode had 50-200 Ω/sq. The thickness of the LC layer in the lenses was 25 µm. We selected a nematic LC with high optical anisotropy and high conductivity. The LC dielectric anisotropy was higher than in the computer simulations, therefore the region of optimal voltages is lower. The aperture diameter was 5 mm. The minimal focal length was 0.5 m.
The results represented in Figs. 6 and 8 were obtained using LC lenses with pre-tilted alignment. In this case the alignment layers were produced using oblique vacuum evaporation of GeO. The pre-tilt angle was approximately 15 o . The pre-tilt increased the minimal focal length up to 1 m. The high resistance electrode had the surface resistance of 3-5 MΩ/sq. This required an increase of the optimal control frequencies values. However the pre-tilt and the lower high resistance electrode allow higher LC switching speeds. Investigation of the dynamic characteristics of MLCLs is complex and lies outside the scope of the present work.
In the attachment movie (Fig. 10 ) the focussing of an image using a MLCL is demonstrated. The object (text) was illuminated by a tungsten lamp. The object frame size was 25×25 mm. It was placed 0.5 m from a camera lens of focal length 80 mm. The MLCL was placed immediately behind the camera lens. It was possible to move the CCD array along the optical axis of the camera lens and to register this displacement. When the MLCL was turned off, the position of the CCD array was adjusted to produce a sharp image. Then the CCD array was moved 2 mm towards the camera lens. This induced defocus can be corrected by applying the appropriate control voltage parameters to the MLCL. We switched on a real-time frame grabber and simultaneously switched off the control voltage. The changing image was then recorded. A similar experiment was performed using the experimental setup in figure 4a. Both movies were combined and synchronized. Between frames we introduced a time delay, in reality the process is faster.
Conclusion
In this paper we showed that the imaging performance of a MLCL can be improved by using multi-harmonic control voltages, and we discussed the practicalities of this technique. We experimentally demonstrated the application of bipolar rectangular control voltages and also proposed the additional control of MLCLs by varying the duty cycle. We explained the lack of uniqueness in the specification of the optimal frequency and voltage for large focal lengths. We presented results of a MLCL correcting defocus in an optical system.
